Abstract: In this paper, we propose an energy-based nonlinear control for two-link flexible manipulators. Since the two-link flexible manipulator is an underactuated system which provides a challenge to control engineers and researchers. In order to control this kind of system more effectively, many new control theories and methods are explored to design controllers for the flexible manipulators. Among these methods, the energy-based control design method has gained a lot of attentions in these years, which can provide more physical insights in nonlinear control and also can provide a candidate for Lyapunov function directly, which is very important in proving the stability of the closed-loop system. Especially, the port-controlled Hamiltonian system and generalized canonical transformation have some advantages on the modeling and control design of these nonlinear systems. Therefore, we explore to control two-link flexible manipulators via generalized canonical transformation. Both the simulation and experimental results are shown to demonstrate the effectiveness of the controllers.
Introduction
As a consequence of the increasing demand for higher payload-carrying capacity and improved dexterity and productivity, a considerable number of research attempts have been made on the modeling and controlling flexible manipulators [1] . Since such manipulators are light weighted, the flexibility of the structure must be considered. On the other hand, because the two-link flexible manipulator is an underactuated system that the number of inputs is less than the number of degrees of freedom, which means there is no control input acting on the flexible variables directly, how to design a controller of two-link flexible manipulators with high lever performance and robustness simultaneously is one of the most challenging problems in control system design.
Many control methods have been proposed to control the flexible manipulators such as the inverse dynamics control [2] , adaptive control [3] , robust control [4] , optimal control [5] and sliding mode control [6] . Another widely used method is energy-based control method that attracts a lot of attentions in these years. The core of the energy-based control is energy shaping, which has a distinguished advantage that the total energy function can be selected as a candidate for Lyapunov function that plays an important role to prove the stability of the closed-loop system. It has been known for about 20 years that the controller design using only potential energy shaping for a fully actuated system can gain the satisfied performance; but for an underactuated system such as the flexible manipulator, it is no longer possible-in general-to shape the potential energy without modifying the kinetic energy, except that we consider the dynamical characteristics of a special system, for example, two-time-scale characteristics of flexible manipulators with the larger stiffness and use approximate methods such as the singular perturbation approach [7, 8] . Therefore, the energy shaping must include both the potential energy and kinetic energy. Since that, traditionally, there are mainly two kinds of methods to describe the behavior of dynamic systems, that is, the dynamics of the systems can be either represented by Hamilton equation or expressed by Euler-Lagrange equation, the former systems are named the Hamiltonian systems and the latter systems are generally called the Euler-Lagrange systems. Accordingly, there are also two ∞ H mainly energy-based control methods: 1. controlled Lagrangian method, which is introduced by Bloch et al [9, 10] ; 2. port-controlled Hamiltonian system, proposed by van der Schaft, Ortega [11, 12] . For general port-controlled Hamiltonian systems, some researchers propose the Interconnection and Damping Assignment-Passivity-Based control (IDA-PBC) method that has been successfully applied in controlling some electromechanical systems [13] . As it is well known, the port-controlled Hamiltonian system is a natural expansion of Hamiltonian system of classical mechanics, where a powerful tool is canonical transformation that preserves the canonical structure with symmetry of conventional Hamiltonian system. Similarly, the generalized canonical transformation that can preserve the structure of port-controlled Hamiltonian systems under both coordinate and feedback transformation is proposed by Fujimoto and Sugie [14, 15] for controller design and analysis of port-controlled Hamiltonian systems. Here, we explore to use this new method to design a controller for two-link flexible manipulators. As it is easy to understand that the difficulty of control flexible manipulators lies in stabilizing the flexible vibration while controlling the joint angles. In general, for the energy-based control methods, it is not clear to describe the relationship between the performances of the closed-loop system and the controllers, but there are some basic qualitative relationships between the dynamical response and the energy of the systems. For the generalized canonical transformation method, we can choose the concrete energy function of the closed-loop port-controlled Hamiltonian systems by using special transforming functions, therefore, there are some basic guidelines in choosing the parameters of nonlinear controllers, which is a advantage of the generalized canonical transformation method. Considering control two-link flexible manipulators, as we know, for the closed-loop dynamics, the larger stiffness, the more rigid of the links, and the weaker coupling effect there is between the joint angles and the flexible variables. As a result, the flexible vibration can be suppressed more easily. In the limit, assuming that the stiffness of the link is infinite large, then the dynamics of the systems reduce to the same as that of the rigid manipulators, which is the basically idea of the singular perturbation approach applied in controlling flexible manipulators. Obviously, because of the bandwidth of the actuators, we cannot prescribe the potential energy arbitrarily large. But this kind of relationship really provides us a useful rule to design the controllers.
The paper is organized as follows. In Section 2, a brief description of the port-controlled Hamiltonian systems and the generalized canonical transformation is presented. In Section 3, the port-controlled Hamiltonian system model of a two-link flexible manipulator is constructed. In Section 4, a control design procedure for two-link flexible manipulators is provided using the generalized canonical transformation method and the stability of the closed-loop port-controlled Hamiltonian system is also proved. At last, the closed-loop system is linearized at the equilibrium point and the relationship between the controller's parameters and the eigenvalues of the closed-loop system is investigated. In Section 5, the simulation and experimental results are shown to demonstrate the effectiveness of the control design and then some conclusions of this paper are given in Section 6.
Preliminaries

Port-controlled Hamiltonian system
The general port-controlled Hamiltonian system is defined as the following:
where is the state vector, is the input vector, is the output vector, is a skew-symmetric matrix, is a symmetric positive semi-definite matrix and is called Hamiltonian function, represents the total stored energy which is bounded from below. (ii) Suppose moreover that H is decrescent and that the system is periodic. Then the feedback renders the system uniformly asymptotically stable.
Generalized canonical transformations
A set of generalized canonical transformation is defined as following: 
holds with a skew-symmetric matrix and a symmetric matrix satisfying
3 Port-controlled Hamiltonian system model In this section, we construct the port-controlled Hamiltonian system model of a two-link flexible manipulator, which is shown in Figure 1 . Joint-1 and joint-2 are fixed to shafts of motor-1 and motor-2, respectively. Motor-1 is fixed on the ground and motor-2 is fixed on the tip of link-
. 2. The cross-sectional area of each link is small in comparison with its length. By using these assumptions, the effects of rotary inertia and shear deformation can be ignored and the flexible vibration can be considered only in the horizontal plane.
In order to derive the Lagrangian of the system shown in Figure 1 , we must define coordinates of the system and their time differential. Here, Finite Element Method (FEM) is used to express the coordinate of link deformation. As a result, the dynamical model is expressed by finite number of variables. Each link is assumed to consist of one element, which is made by uniform material, uniform width, uniform height and uniform density. The elastic deformation of the link-n at position and time is denoted by . 
where , (13) [ ]
[ ]
is the coefficient of the mth order term for link-n. Here we assume , and consider the boundary condition that the links are fixed to the motor shafts, then the elastic deformation is expressed as
For the two-link flexible manipulators shown in figure 1 above, the kinetic energy is expressed as
and the potential energy resulting from the elastic deformation of two links is given by
M is the inertia matrix, K is the stiffness matrix, and is the control input. , are stiffness matrices of link-1 and link-2 that are given in the appendix, and are joint torques of link-1 and link-2 respectively, the variables are defined as: In order to simplify the control design, we introduce the following assumptions, that is, the velocity component of a point of the link-n is zero for X n direction, and 0
for where is the length of link-1. By using the assumptions above, the inertia matrix
M is rendered to be dependent only on 2 θ and is given in detail in the appendix. The generalized momentum is obtained as
Now, the port-controlled Hamiltonian system model of a two-link flexible manipulator is given by As it has been mentioned, our mainly control objective for two-link flexible manipulators is to move each joint angle to a desired position and suppress the flexible vibration at the same time as quickly as possible. According to the basic idea of control port-controlled Hamiltonian systems using generalized canonical transformations, we must consider choosing a generalized transforming function to shape the Hamiltonian of the closed-loop system. But how to choose such a generalized transforming function and what kind of Hamiltonian of the new system is desired that can gain the control objective more effectively is a key point in designing the controllers. From the relationship between the response and the energy of the closed-loop system, it is easy to see that if we add the potential energy of the flexible links, accordingly, the stiffness of the link becomes larger than that of before, which means that the flexible links become more rigid, then the frequency of the flexible vibration will become much higher and the amplitude of vibration will become smaller than that of before. Accordingly, it becomes easy to suppress the vibration. Based upon observations above, we suggest increasing the potential energy of the flexible variables. The Hamiltonian of the new port-controlled Hamiltonian system is chosen as
where , are gains that are positive definite matrices. Furthermore, in order to make the inertia matrix of the new port-controlled Hamiltonian system positive definite, must to satisfy some other conditions that are given in the following. Then the transforming function is
The state variables do not change, then according to the conditions of the generalized canonical transformation (7), we have
where and
then (24) can be expressed as
From (26), if we choose , then (38) For the general case, the gain of (33) is state-dependent, therefore the following condition must be satisfied in order to guarantee the stability of the closed-loop system. 
Considering the boundness of and a 
From a physical point, we can easily understand the reasons that must satisfy the condition (33). Since this control method belongs to the energy-based control, the system is controlled through revising the energy of the system. The vibration is suppressed by revising the total energy of the system by control inputs, but it is impossible to change the system's elastic structure, which means we can not revise the potential energy of flexible variables separately. If we choose the larger , the potential energy of the flexible variables becomes larger, then the links become more rigid than before, and the flexible vibration can be suppressed effectively. In fact, if we consider that the rigidity of new port-controlled Hamiltonian system is infinite large, the dynamics of the system becomes the same as that of the rigid system, which gives a better physical explanation that the singular perturbation method can be applied in controlling the flexible manipulators effectively. But in application, can not be chosen arbitrarily large, some other reasons such as the bandwidth limit of actuators must be considered. 
where . Now, we will prove that the new system is zero-state detectable.
When
, , then also holds, the dynamical equations of the new system reduce to such forms:
, is also positive definite matrix, also because that F θ is a constant, then from above equations, it is immediately obtained that . Then the new port-controlled Hamiltonian system is zero-state detectable. According to the Lemma 1, if we use feedback , then the equilibrium point of the new port-controlled Hamiltonian system
is uniformly asymptotically stable. The total control law is given as the following
where , A B are given in (43), (44). The total control scheme is shown in Figure 2 . In order to explore the relationship between the parameters of the controller and the response of the closed-loop system, the system is linearized at the equilibrium point
. Since we mainly care about how to choose the parameters γ β , of the gain, and also in order to simplify our analysis, from now on, we choose 0 = µ and fix the gains and . Figure 4 shows the eigenvalues of the linearized closed-loop system. The first and the third rows describe the real parts of the eigenvalues; the second and the forth rows describe the imaginary parts of the eigenvalues. In general, the eigenvalues can be classified into two kinds: one kind has zero imaginary part and another kind has non-zero imaginary part. The vibration is mainly decided by the eigenvalues with non-zero imaginary parts. From figure 4 , it can be seen that all real parts of the eigenvalues are negative when The control objective is that each link rotates 60 degrees and at the same time the flexible vibration is suppressed. In order to show the effectiveness of our proposed control, we compare the results using proposed control method with a standard PD control.
In our simulation and experiments, we choose 0 = µ , and the parameters 16. and are chosen as: From these plots, it is clear that the experimental and simulation results are in very good agreement. The overal reduction in vibration is much better using proposed controllers than that of PD controller. Since the manipulators are much flexible, and the coupling effect between the joint angles and the vibration of the links is strong, the link-1 angle can not be stabilized using only PD control in 5 seconds. But in our proposed controllers discussed previously, the vibration takes about 3 seconds to die down, the tip deformation's amplitudes of link-1 and link-2 are also suppressed evidently; in the same time, the response of the joint angles is almost the same as that of PD controller. Because γ β , of (b) controller are chosen on the bound of the area A, which can increase the maximum of artificial potential energy via control inputs, then (b) controller can suppress the flexible vibration more effectively than that of (a) controller, which is also demonstrated in the simulation and experiments. In this paper, an energy-based nonlinear control for two-link flexible manipulators is proposed using the generalized canonical transformations. At first, we express the two-link flexible manipulator as a port-controlled Hamiltonian system, and then a nonlinear control law is derived using generalized canonical transformations. Unlike the other energy-based methods, after investigating the relationship between the energy and the dynamics of the closed-loop system, a special form of energy is chosen for the closed-loop system. Then the control laws are derived according to the ideas of generalized canonical transformations. The proposed control method can provide a candidate for Lyapunov function directly by the energy function of the system, therefore it is relatively easy to prove the stability of the closed-loop system. The closed-loop system is also linearized at the equilibrium point and some relationships between the parameters of the controller and the eigenvalues of the closed-loop system are investigated, which provides a basic guideline to choose the parameters of the controller. Both the simulation and experimental results have been presented to show the effectiveness of the proposed controllers. 
